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Abstract

In this paper, we aim to introduce and explore a novel and intriguing problem known as the
generalized Cayley inclusion problem, which involves the XOR operation in an ordered positive
Hilbert space. We develop a new iterative algorithm with errors to address this system of variational
inclusions. Additionally, we examine certain properties of the associated resolvent and Cayley
operators using @ and © operations. Finally, we prove a result on the existence and convergence for
the generalized Cayley inclusion problem involving the XOR operation.
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1. Introduction
The foundational work on variational inequality was established and explored by Stampacchia

[1] and Fichera [2] in the early 1960s. This theory has proven effective in solving problems across
various fields such as economics, optimization, elasticity, transportation, and both basic and applied
sciences (see [3-12] for more details). Due to its extensive applications, the classical variational
inequality problem has been studied and extended in several directions. Among these extensions,
variational inclusion holds significant importance.

One of the main challenges in the theory of variational inequality is the development of
efficient, practical algorithms. The resolvent operator technique, a generalization of the projection
method, has been widely used to address variational inclusion problems. Recent advancements have
further refined this technique. Fang and Huang [13] introduced a class of H-monotone operators and
expanded the associated class of resolvent operators, building on the work of Ding and Lou [14] and
Huang and Fang [15] on maximal monotone operators. For further details, refer to [13,14,16-19] and
related references.

The XOR operation (@) is a binary operation that acts similarly to addition. It is both
associative and commutative, and each element is self-inverse under this operation. In Boolean
algebra, XOR corresponds to addition modulo 2. This operation has various practical applications,
including data encryption, error detection in digital communication, and parity checking, and it also
aids in implementing multi-layer perception in neural networks. In recent years, fixed point theory
and its applications have been widely studied in real ordered Banach spaces. Consequently, the study
of generalized nonlinear ordered variational inequalities (inclusions) has gained importance. In 2008,
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Li [20] introduced generalized nonlinear ordered variational inequalities and proposed an algorithm
to approximate solutions for a class of these inequalities in real ordered Banach spaces. Since then,
several researchers have employed the XOR operation and its variants to solve different classes of
variational inequality and inclusion problems in real ordered Hilbert and Banach spaces, see for
example [21-32].

Building on this, in this paper, we use the concept of XOR-NODSM mappings, involving the
@ operation, along with a new resolvent operator technique associated with XOR-NODSM
mappings. We introduce and investigate a novel and intriguing problem known as the Generalized
Cayley inclusion problem involving XOR operation in ordered positive Hilbert spaces. Additionally,
we propose a new iterative algorithm with errors for this system of variational inclusions. Some
properties of the associated resolvent operator and Cayley operator are discussed by incorporating @
and © operations. Finally, we prove the existence and convergence result for the generalized Cayley
inclusion problem involving XOR operation.

2. Preliminaries
Throughout this paper, we assume that X is a real ordered positive Hilbert space with the
partial ordering “<” endowed with a norm ||.||and an inner product (.,.), dis the metric

induced by the norm ||.|| and 2X is the family of all non-empty subsets of X. First, we recall
some known definitions and results which are important to achieve the goal of this paper.

Definition 2.1. A non-empty closed convex subset C of ||. || is said to be a cone if

0] ForanyxeCandanyA>0,Ax €C
(i) Foranyx e Cand —x € C. Thenx =0

(ili)  xand y are said to be comparable to each other if and only if eitherx < yor y <«x
and is denoted by x R y.

Definition 2.2. A cone C is called a normal cone if and only if there exists a constant Ay > 0
such that 0 < x < y implies ||x|| < Ay,Vx,y € X , where Ay is called a normal constant of C.

Definition 2.3. For any x,y € X, x < yif and only ify —x € C. The relation < is a partial

ordered relation in X. The real Hilbert Space X endowed with the ordered relation < defined
by C is called an ordered real Hilbert Space.

Definition 2.4. For arbitrary elements x,y € X, lub{x, y} and glb{x, y} means least upper bound
and greatest lower bound of the set {x,y}. Suppose lub{x,y} and glb{x,y} exist, some binary
operations are defined as follows:

0] xVy = lub{x,y}
(i) x Ny = glb{x,y}
(i) x@y=x—-y)Vy—x)

ivy, xOQy=G&—-y)ANY—x).

The operations Vv, A, @ and © are called OR, AND, XOR and XNOR operations, respectively.
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Lemma 2.5. If x R y, then lub{x, y} and glb{x, y} exist, (x —y) R (y —x) and 0 <
x—=y)v(y—x).

Lemma 2.6. For any natural numbern, x R y, and y,, R y*as n — oo, thenx R y™*.

Proposition 2.7. Let @ and O be XOR and XNOR operations, respectively. Then for all
x,y,u,v € X; a,fB,A € R, the following relations hold:

i) xOx=0xOQy=y0x=—-(xDy)=—(yDx)

(i) ifxRO, then—x@®O0< x<x®O.

(i) () & () = [ (x D y).

(ivy 0<(x®y)ifxRy

(V) if x R y, then x @ y=0 if and only if x = y;

Vi) O+t =2ExOW+OV)

(i) xE»OU+tv)=2ExOM+YOuw

(viii) If x,y and w are comparative to each other,then (x @ y) < (x B w) + (w D y)

(ix) ax@® Bx=|a—pPBlx,ifxRO.

Proposition 2.8. Let K be a normal cone in X with normal constant N, then for each

x,y € X, the following relations hold:

(i) lloeoll =106 ol =0;

(i) Al vyl < llxll v iyl < (Il + 1yl
(iii)  llx Dyl < llx =yl < Axllx D yll;
(iv) IfxRythen|x @ yll <llx—yll

Definition 2.9. Let A: X — X be a single valued mapping. Then:

) A is said to be comparison mapping if for each x,y € X, x R y, then A(x) R A(y)
and x R A(x) and y R A(y).

(i) Ais said to be strongly comparison mapping if A is comparison mapping, and
A(x) RA(y) ifandonlyif x R y forany x,y € X.

Definition 2.10. A mapping A: X — X is said to be S-ordered compression mapping, if

A is comparison mapping and A(x) @ A(y) < B(x P y), for0 < g < 1.
Definition 2.11. A single valued mapping A: X — X is said to be a-Lipschitz-type-
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continuous if there exists a constant ¢ > 0 such that
[A(x) D AW < allx —yll.
Definition 2.12. Let M: X — 2% be a set-valued mapping, then

) M is said to be comparison mapping if for any v, € M(x), x R v, and if x R y, then for
any v, € M(x) and any v, € M(y), vy Rvy, x,y € X.

(i) A comparison mapping M is said to be a-non-ordinary difference mapping, if for each
x,y € X, v, € M(x) and v, € M(y), such that (v, ® v,) @ a(x B y) = 0.

(i) A comparison mapping M is said to be IJ-ordered rectangular, if there exists a constant
¥ >0, forany x,y € X, v, € M(x) and v, € M(y), such that

(v O vy, —(x DY) = Vllx D yll*.
(iv) a comparison mapping Mis said to be p-XOR ordered strongly monotone compression
mapping, if for x R y, there exists a constant p > 0 such that

p(v, D vy) = (x B y)Vx,y € X, v, € M(x), vy, € M(y).

Definition 2.13. Let A: X — X be a strongly comparison and g-ordered compression mapping.
Then a comparison set-valued mapping M: X — 2% is said to be (a, p)-XOR-NODSM if M is
a a-non-ordinary difference mapping and p-XOR-ordered strongly monotone mapping and
A+ pM)X =X, fora,B,p > 0.
Definition 2.14. The resolvent operator]%A:X — X is defined by

Jpla) = (A + pM)~*(u),Vu € X. (2.1)

Lemma 2.15. Let A:X — X be a B-ordered compression mapping and M: X — 2% be the set-
valued 9-ordered rectangular mapping with 9p > . Then the resolvent operator ]XA:X - X is
single-valued.

Proof. For any given u € X and a constant p > 0, let x,y € (4 + pM)~1(w), then
1
U, = E(u &>) A(x)) € M(x),

v, == (@A) € MO).

Using (i) and (ii) of Proposition 2.7, we have
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b O vy =2 (4 AG) O (1 B 40))
:%qu@A@DCMu@A@D)
:_%«u@Auncnu@A@D)
:—HW®wmﬂﬂﬂ@A&m

= _%(o @D (A(x) & A(¥)))

< == (4 @ AW).

Thus, we have

v Oy <~ (400 ® AW)) (2.2)

Since, M is 9-ordered rectangular mapping, A is f-ordered compression mapping and by using
(2.2), we have

Vx @ yll < (v O vy, =(x B ¥))

< (- (4@ @ 40)), G D )
<2 (AW @ A0)x B )
< %(B(xeay),x @D y)
= g(x Dy xDy)
~Lix @ 1°

_F
=Slx @yl

Thus, we have
lx@®yll=0=>x@dy=0,fordp>p (2.2)

Therefore, x = y. Hence, the resolvent operator is single-valued for 9p > S.

Lemma 2.16. Let M: X — 2% be (a, p)-XOR-NODSM set-valued mapping with respect to
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Jpla and A:X — X be a strongly comparison mapping with respect to J;'4. Then the
resolvent operator ]},‘fA:X — X IS a comparison mapping.

Proof. Let M:X — 2% be (a, p)-XOR-NODSM set-valued mapping with respect to ]%A :

i.e., M is a-non ordinary difference mapping and p-XOR-ordered strongly monotone
comparison mapping with respect to /', so that x R J}',.

Forany x,y € X, let x R y and

1
ve =2 (x ® AUYA0)) € M(YA)), (2.4)

vy = %(y D AN ))) € MUY ) (2.5).

Since p-XOR-ordered strongly monotone, using (2.4) and (2.5), we have
x Dy < p(vy Dvyr)
@y <|a@@A(M@)D @ A(JM))
x@y<@®y) @ [A(JM@) DAL
0<A(JM, )@ A(JM)

0<A(JM, ) @ A(JH )
That is,
0<[A(L@)—Aa(o)|v[aUmnom) - a(hm)).
Hence,

0<[A(Ma0)) —A(M0))]|or 0 < [A(JH.)) — A(JHa )|

Thus we have

A(JMa)) = A(JMAG)) or A(JMaG)) = A(JHa (),

which implies that A (]%A(x)) RA (]%A(y)).

Since A is strongly comparison mapping with respect to ]%A. Therefore, ]%A(X)R]%A(}’)-
Thus, the resolvent operator is a comparison mapping.

Lemma 2.17. Let M: X — 2% be (a,p)-XOR-NODSM set-valued mapping with respect to
]/’,‘fA and A: X — X be a strongly comparison mapping such that

A(JMa0) @ A(JHAG)) RIMAC) B IN .

Then the following condition holds for ap > 6,6 = 1:

I @ 1)) < xDy)Vxy€EX,

(ap @ 6) 695)
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1)

That is the resolvent operator J;/, is (ap®8)

-Lipschitz continuous mapping.

Proof. For any x,y € X, noting the fact that M is (a, p)-XOR-NODSM set-valued mapping
with respect to A and J}', and using 2.16, we have

a [A (]%A(x)) DA (]%A(Y))] = vy D vy.
- %((x ®y) ® (AUMA() @ AUYL D))
< % [(x @ y) B (AULA() B AU ON)]-
That is,
% (AUNAD)) @ AU () < (x D y) @ (AUHA()) D AU (D))
Therefore, we have
(% ®1)[a(u) ®A(M.m)| < .
since A(J}.(0)) @ A(JMa)) R (JHaG) @ JHa(»)), we have
% ®1)[4A(3u) @ A(JM»)| < Dy

It follows that

1)
ap®s

I @ () < (x D y).

That is the resolvent operator C,’, is (apaTé,)—Lipschitz continuous mapping.

Definition 2.18. The generalized Cayley operator Cf’,‘fA:X — X is defined as
=20y —A)(x), VxeXandp >0

Lemma 2.19. Let A: X — X be r-Lipschitz continuous mapping. Then the Cayley operator is
26+r(ap+6)

L-Lipschitz continuous, where L = @p®5)

Proof. For any x,y € X, we have
1G5 @ Gl = (127500 —AGD) @ (2] () — A
< 2[|J}a () @ 5| + 11Ax) & AW

6

=5) lx @yl +rlx @ yll.

sz(ap

= (Z+7) lIx @ yll.

apPs

That is ||C),(x) @ CY (|| < Lllx D yll, where L = (anga + r).
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3. Formulation of the Problem

Let X be a real ordered Hilbert Space. Let N:X X X — X be a single valued mapping,
M:X xX - 2%,B,T,G:X - Cc(X) be set-valued mappings. Further let 4,g:X - X be
mappings such that R(g) N D(M(.,z)) = ¢. We consider the following problem: Find
(x,u,v,z), where x € X,u € B(x),v € T(x),z € G(x) such that

6 € N(w,v) ® (i (w) ® M(g(x),2) (3.1)

We call this problem system of non-linear variational inclusion problems involving € operator
(inshort,SNVIPD).

Some Special Cases:

1. IfX=Hy,Nwv)=P), Cov? W) =0,M(g(x),2) = M(f(x),g(x)). Then, the
SNVIPE® (3.1) reduces to: Find x € H,,u € B(x),v € T(x) such that

6 € N(u,v) @ M(f(x),z) (3.2)
Problem 3.2 is studied by Rais Ahmad et al [33].

2. If X =
Hp, N(u,v) = P(x), M(g(x),2) = M(x),Cy'v"™ (w) = 0. Then, the SNVIPED (3.1) reduces
to: Find x € H, such that

0€
P(x) @ M(x). (3.3)
Problem 3.3 is studied in [21].

3. IfX =
H,, N(u,v) = 0,M(g(x),z) = M(x), Cﬁﬁ"z)(u) = 0. Then, the SNVIP® (3.1) reduces to:
Find x € H, such that

0 e M(x). (3.4)
Problem 3.4 is introduced and studied in [24].

We remark that for suitable choices of the mappings and underlying space, one can get several
classes of known and new problems for SNVIPE& (3.1).

4, Existence of solution

We give the following lemma which guarantees the existence of solution of SNVIPE (3.1).
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Lemma 4.1. Let X be a real ordered positive Hilbert Space. Suppose 4,g:X — X be r-
strongly monotone and M:X x X — 2% be A-monotone mapping. Let N: X x X - X and
g:X — X be mappings such that R(g) N D(M(.,z)) # ¢. Let B,T,G:X — Cc(X) be set-
valued mappings. Then SNVIPE (3.1) has the solution (x,u,v,z), where x € X, u € B(x),
v € T(x), z € G(x) if and only if it satisfies the following

9@ =115 {p(Nwv) @ ¢ W) @ A(g(x)) D pé}.
Proof. Suppose

9@ =115 {p (Nwv) @ ¢ W) @ A(g(x) @ po}
= g@) = (A+pM(.2) " {p(Nwv) ® C)fP W) ® A(g(x)) @ po}.
= (9) + pM(g(x),2) 3 p(N(w,v) B Cie? W) B A(g(x) @ po

=0e(Nwn) ® L7 wW) @ A(g() ® M), 2)
Based on the above result, we propose the following iterative algorithm for finding the approximate
solution of SNVIPED (3.1).

Iterative Algorithm 4.2.
Step 1. Forany @ € X and p > 0, choose x, € X, uy € B(xg), vo € T(xp), and zy € G(xg)
such that B, T,G: — 2%XCc(X).
Step 2. Let
_ M(.zn) M(,.zp)
9Gnsn) =I5 {p (N, v) @® €0 (1)) © A(g () B PO @ e}

Step 3. Choose U471 € B(X541), Vns1€ T(Xps1)s Znt1€ G(x,41), Such that

ltner @ unll < Nuper —unll <@+ (1 +n)"DH(B(n41), B(xn)),

[vn+1 @ vnll IVne1 — vall < (14 (1 +n)"DH(T (Xn41), T(x)),

|Zn+1 D znll IZnsr —zoll =@+ (1 +0)"DHH(GXn41), G(Xyp)-

Step 4. Choose error {e,} € X to take into account the possible inexact computations of
the sequences such that, for all 1 € (0,1), X |e; @ ej—4[| I /<, lim e, = 0.

=
=

Step 5. If w41 € B(Xp41), Vns1€ T(Xn41)s Znse1€ G(xp4q), Satisfy (4.1) to sufficient
accuracy, stop: otherwise, n = n + 1 and return to Step 2.

Now we give the following result which guarantees the existence of solution of SNVIP@ (3.1) and
convergence analysis of the sequences generated by the Iterative Algorithm.

Theorem 4.3. Let K = X be a normal cone with constant Ay. Let N: X XX - X, Cgﬁ"z): X -
X, A,g:X—> X, B,T,G:X - Cc(X) and M: X X X — 2% be mappings such that:

(i). N is a;-Lipschitz-type-continuous in the first argument and a,-Lipschitz-
type-continuous in the second argument.

(i1). Cl’,‘ﬁ"z)is L-Lipschitz-type-continuous.

(ii1) A is p-ordered compression mapping.
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(iv) g is r-Lipschitz-type continuous and (g @) is §-Lipschitz-type
continuous.

(v) M is (a,p)-XOR-NODSM and 6-ordered rectangular mapping.

(vi) B is y-H-Lipschitz-type-continuous and T is v-H-Lipschitz-type-
continuous and G isu-Lipschitz-type-continuous.

If X541 R Xy, 9(xne1) Rg(x,), for n=0,1,2.., and the following condition is
satisfied:

AnpS(aiy+av+Ly)+ANSBT

0<
(1-5)(ap@5)

<1. (4.2)

Then SNVIP@® (3.1) has a solution (x,u,v,z), where x € X,u € B(x), v € T(x),z €
G (x). Also the sequences generated by the Iterative Algorithm 4.2 converge strongly to
x,u,v, z, respectively.

Proof. By Algorithm 4.2 and Proposition 2.7, we have
0 < g(xn+1) @ g(xz)
= Ja{p (N(tn,v) ® Gl (1)) © A(9(x)) B O B e} B
Joadp (Ntney, va2) @ €2 (iner)) © A(g(n-1)) @ pO B 4oy
Now using Proposition 2.8 and Lipschitz-type-continuity of the resolvent operator, we have

19 Cenin) © gl
< ||[78afo (NG v) @GP () @ A(9(x) © pO D ey}

EB ]24,4 {p (N(un—l'vn—l) @ C:)\ig"z}(un—l)) EB A(.g(xn—l)) @ p9 @ en—l}”

ANO
(apléB 8) [{oN G, vn) @ €57 () @ A(g(x)) B 9O & en}
® {pN o1, Vn-1) ® €52 (ttn1) B A(9(Hn-1)) ® 9O B ey
AnO
< —(apN@p6) ||N(un, Un) @ CM[g,.Z) (un) @ N(un—llvn—1) @ CM[E,.Z) (un—l)”
AnO
+ o 14(00w) @ (g + o len @ eacal
This implies
Anép
”g(xn+1) S>) g(-xn)” = ( D 6) ”N(un: Vn) D N(un 1, Un— 1)”
_AnSp_ || ~MC 2 (y M( z)
(apEBS) ”C C (un- 1)”
AN

14(g(x) ® A(g(xa_p)||

(apéBS)
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ANS
(apéBS)

lle, © en—_1ll (4.3)

Since XOR operator is associative, N is a;-Lipschitz-type continuous in the
first argument and a,-Lipschitz type continuous in the second argument and B is
y- H -Lipchitz-type-continuous and T is v-H-Lipschitz-type-continuous,
therefore in view of Algorithm 4.2 we have

IN (un, ) @ N(up—1, vr-Il

< [IN(up, ) @ N(up-1, v)ll @ IN(un-1,v) © N(up-1,vp-1)ll

< agllup @ up-all + azllvy @ vl

< a;(1+ n)_lH(B(an),B(xn)) + a,(1+ n)_lH(T(an),T(xn))

< a;y(1 +n) " Hixp — xpall + azvilxg, — xpll
This implies that
INCup, ) @ N(un-1, Vn-DIl < [(ary + @)X + )7 llxp — x4l (4.4)
Since A is -ordered compression mapping, we have
14(gCxn)) & A(gGen-D)|l < BllgCxn) & gl
< Brilxn — xp-ll (4.5)

Since C;’,‘ﬁ’z)is L-Lipschitz-type continuous, we have
€22 ) ® €SP || S Llltn @ sl
< Ly(1+n) " Hixp — x4l (4.6)
Using (4.4)-(4.6) in (4.3), we have
lg (xns1) D gl

AnOp
< — 1 -1 —
= (ap @ 6) [(a'ly + aZV)( + n) ]”xn xn—l”
Ané AnO
+ L Ly () T — Xl + s BTl — Xyl
(ap @D 6) (ap D 6)
/1 o)
_[AN6p[(a1y+ azv)(1+n)_1]+AN8pLy(1+n)_1+AN6,Br] <
- ap®Ps
AnNO
”xn - xn—l” + > ”en D en—l”

(apDd)

Hence,
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Avop(1 +n) " Y(ayy + ayv + Ly) + Ay6Br

19 Cinen) @ gl < Py 1 = 1l

)
(apEBS)

Since (g 1) is s-Lipschitz-type continuous, we have
lxn+1 D xnll = [[lgGni1) @ g(xn)] D [g(xn+1) D Xn+1 B g(xn) D 1]l
< g (ne1) @ g(xn)] = [g(xn11) D X1 D g(x) D x4 ]l
< llgCene) @ gl + 11(g © Dxpra (9 © Dixyll

AnSp(1+1) "L (a1y+ azv+Ly) +AnSBT (B |
ap®o n n-1

llen @ en—1ll (4.7)

IA

NS

(ap®D) llen @ en—1ll +8llxn+1 D xnll

This implies that

”xn+1 @ xn”
- AvOp(1 +n) " Y(ayy + ayv+ Ly) + Ay6Br

= Xy — Xy
M0 e, @ en
e €, _
(ap@5)(1 D)
Since x,,41 R x,,n =0,1,2, ..., we have
xni1 — xnll £ Pullxn — xp-all + nlle, @ en—ll, (4.8)
_ An6p(1+n) " (a v+ axv+Ly)+ANSBT _ ANGS
where, &, = (@p®5)(1-0) sand 1 = S a
Let q):)lNSp(aly+ a,v+Ly)+AnSBT

(apD86)(1-6)

It is clear that @, »® as n—w. By(4.2) we know that 0<®<1 and hence there exists
for all n > ngyand @, € (0,1) such that &, < @,. Therefore, by (4.8), we have

”xn+1 - xn” < CDOllxn - xn—l” + 77||€n @ en—l” (49)
= cDOn_n()”Xno+1 Xnoll + n Zn o CI)Oj_1 tn—(j—l); (4-10)

where t,=|le,, @ e,_1l|, for all n > n,. Hence for any m > n > ny we have
1Xm — Xall < ZES N Xkrr — x|l <
k- 14 k -1 _tk-G-1»
)y ¢0 n0||xn0+1 xn0||+ N Yk=n Po [ ken Dok GD
Since  X524||ej — ej_4||¥j <o, for all 1; €(0,1) and 0<dy<1, it follows that
|1 X — xnll 0, as n—>oo and so {x,} is a Cauchy sequence in X. Thus there

exists x € Xsuch that x, - x as n—w. By Algorithm (4.2) and H -Lipschitz
continuity of the mappings B,T, G, we have

”un+1 @ un” = ”un+1 - un” = (1 + (1 + n)_l)yllxn+1 - xn”;
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”vn+1 @ Un” = ”vn+1 - vn” = (1 + (1 + n)_l)vllxn+1 - xn”;

IZns1 D Zall < l1Zne1 —Zall < (A + (A + 1) " DullXper — Xall
This shows that u,, v,, z, are all Cauchy sequences. Thus there exist u,v,z € X such that
u, > u,v, -V, z, >zasn—-o. Now, we will show that u € B(x),v € T(x),z € G(x).
We have

d(u,B(x)) < llu & w,|l + d(u, B(x))

llu — w, || + d(u,, B(x))
llu — u, |l + H(B(xy,), B(x))
llu — uyll + yllx, — x|l - 0 as n—o.

IAIAIA

Since B(x)is compact, we have ue B(x) Similarly, we can prove that v € T(x),z
€ G(x). Thus, we conclude that (x,u,v,z) such that x € X, u € B(x), v €eT(x),z €
G(x) is the solution of SNVIP@. This completes the proof.

Remark: Using the technique presented in this paper, one can extend, generalize and unify the
results considered by various researchers in this direction. The Algorithm 4.1 is more general than
the ones considered in [21-24,26-33] and the related references cited therein.
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